We present a novel derivation of the boundary term for the action in Lanczos-Lovelock gravity, starting from the boundary contribution in the variation of the Lanczos-Lovelock action. The derivation presented here is straightforward, i.e., one starts from the Lanczos-Lovelock action principle and the action itself dictates the boundary structure and hence the boundary term one needs to add to the action to make it well-posed. It also gives the full structure of the contribution at the boundary of the complete action, enabling us to read off the degrees of freedom to be fixed at the boundary, their corresponding conjugate momenta and the total derivative contribution on the boundary. We also provide a separate derivation of the Gauss-Bonnet case.
infinite such choices [15] . In particular, as pointed out in an earlier work of York (and revived recently in [11, 16] ) if one fixes the conjugate momentum on a non-null surface, in four dimensions, one need not have to add any boundary term [17] .
There is a very elegant route to arrive at the Einstein-Hilbert action starting from some very general conditions. If we start assuming that our Lagrangian is to be constructed from the metric and the curvature tensor, and then demand that the equations of motion are second order in the derivatives of the metric, we uniquely arrive at a class of Lagrangians known as Lanczos-Lovelock Lagrangians [18] [19] [20] (see the introduction of [21] for a taste of history). It is commonly stated that the Lanczos-Lovelock theory, obtained by adding the Lanczos-Lovelock Lagrangians with arbitrary coefficients, reduces to Einstein's theory uniquely when we set the number of dimensions D = 4. Although this is true at the equations-of-motion level, there are actually two terms that survive at the action level. In addition to the Einstein-Hilbert term, there is also the Gauss-Bonnet term, which is the Lanczos-Lovelock term that is quadratic in the curvature. It is a total derivative in four dimensions and hence does not contribute to the equations of motion (see Section 2.5 in [20] ). This is the reason this term is usually ignored in four dimensions. But when we are concerned with the proper form of the action in four dimensions, this term must be considered. Of course, it could be that there are more dimensions to the universe than four. If this is the case, the other Lanczos-Lovelock terms also have to be taken into consideration, with the assumption that these higher derivative terms give sub-dominant contribution to the equations of motion which have not been detected in our current experiments and observations. Moreover, there is a claim in the literature that the Gauss-Bonnet term appears as the curvature squared term in the low energy limit of string theory [22] (also see [23] ) and hence perhaps other Lovelock terms appear at higher orders (although this was not borne out in the third order calculations done in [24] ).
The question of a well-posed variational problem for Lanczos-Lovelock theories has also been tackled in the literature. The appropriate boundary term for Gauss-Bonnet was derived by Bunch [25] (In fact, Bunch demonstrates that only the Gauss-Bonnet Lagrangian among all the Lagrangians constructed out of the quadratic curvature terms R 2 , R ab R ab and R abcd R abcd has a well-posed boundary value problem.). The boundary terms for general Lanczos-Lovelock was derived by Myers [26] . This term is generally either derived from topological considerations (looking at the Euler density for a manifold with boundary) or it is demonstrated that it cancels all variations of normal derivatives of the metric on the boundary. In this paper, we attempt to derive these results directly by starting with the boundary terms that appear when we vary the Lanczos-Lovelock Lagrangians. We follow the procedure that was used in [27] to derive the Gibbons-Hawking-York term and then in [9, 10] to derive the boundary terms for a null boundary and for a general boundary. After warming up with the Gauss-Bonnet case, we do the calculations in full gory detail for a general Lanczos-Lovelock theory to separate the boundary variation into the term that has to be canceled by the addition of a boundary term, the terms to be killed by fixing the intrinsic metric on the boundary and the total derivative term on the surface.
We would like to emphasize that unlike previous attempts, where the boundary term was obtained either by inspection or topological considerations and then shown to cancel the normal derivatives of the metric in the boundary variation, we will follow a more direct root. Starting from the action principle itself and then judiciously manipulating the boundary variations we arrived at the structure of variation on the boundary and hence the boundary term. Thus action principle itself dictates what boundary term one has to add to the action to make it well posed, as well as what one needs to fix on the boundary (for earlier works in the similar spirit, see [9] [10] [11] 27] ). Schematically, the structure one expects due to variation of the action can be presented as 
where the first term on the right hand side corresponds to the equations of motion for the dynamical variable. It is clear that in addition to the equation of motion term, one has three additional contributions, the conjugate momentum to the dynamical variable, the boundary term and finally a total derivative term. If one constructs a new action, which is obtained by subtracting out the boundary term from the original action, the variational problem will be well-posed. This will be our aim in this work, i.e., to express the Lanczos-Lovelock action in the above form, so that the boundary term can be singled out.
This paper is organized as follows: We give a brief overview of Lanczos-Lovelock theories in Section 2. The main part of the paper is Section 3 where we have derived our boundary term results. In Section 3.1, we manipulate the boundary variation for general Lanczos-Lovelock stopping just before the point where expressions start to become intense as the determinant tensor makes its entrance. Then, we show in Section 3.2 that the expressions we have derived reproduce the known expressions in the Einstein-Hilbert case. Next, we derive the Gauss-Bonnet case in Section 3.3 to obtain a boundary term matching with the one derived by Bunch in [25] . The conjugate momentum is also shown to match with the result previously obtained by Davis [28] and also by Gravanis and Willison [29] . (The explicit expression is written down in [21] .) The total derivative term in the boundary variation, as far as we know, has not been written down in the literature before. Finally, in Section 3.4, we complete the full calculation of the decomposition of the general Lanczos-Lovelock boundary variation. The total derivative term and the Dirichlet variation term are probably written down in the literature for the first time. Section 3.5 is devoted to consistency checks, and we show that the Lanczos-Lovelock boundary term derived matches with previous literature and and also that the Lanczos-Lovelock expressions reduce to the corresponding Einstein-Hilbert and Gauss-Bonnet expressions for m = 1 and m = 2.
The conventions used in this paper are as follows: We use the metric signature (−, +, +, +). The fundamental constants G, and c have been set to unity. The Latin indices, a, b, . . ., run over all spacetime indices, and are hence summed over four values (or D values when spacetime is D dimensional). Greek indices, α, β, . . ., are used when we specialize to indices corresponding to a codimension-1 surface, and are summed over D − 1 values in D dimensions. R is used for the the curvature tensor on the boundary surface, while the bulk curvature is represented by R. For the connection, γ is used for the boundary connection while Γ, as usual, is used for the bulk connection. The conventions for normal, induced metric, etc. are taken from Appendix B of the arxiv version of [9] . The Lanczos-Lovelock conventions are specified in Section 2.
Lanczos-Lovelock Theories
In this section we will rapidly glance through basic aspects of Lanczos-Lovelock gravity, which will be useful for the later parts of this work. However the interested reader may consult the review [20] for a better understanding of these results. The general Lanczos-Lovelock action in a volume V of D-dimensional spacetime is given by
Here m max is the greatest integer less than or equal to D/2. The cosmological constant term has been omitted above, but it may be included as the m = 0 term. The 16π and 1/2 m factors have been kept separate from the constants c m so that the m = 1 term reduces to the standard form of the EinsteinHilbert action (see Chapter 6 in [8] ) when c 1 = 1. Here, δ a1b1···ambm c1d1···cmdm is the completely antisymmetric determinant tensor (or alternating tensor) which is defined as the determinant of a matrix made of delta functions as follows:
While working with Lanczos-Lovelock theories, it is useful to define the tensor P ab cd as
which inherits the symmetries from R abcd :
and have zero divergence, i.e., ∇ a P abcd = 0. We shall also define the corresponding tensor for mth order Lanczos-Lovelock Lagrangian L m as
so that for the full Lanczos-Lovelock Lagrangian one ends up with
The Lagrangian L m in terms of P ab cd (m) becomes
For general relativity (m = 1), the tensor P ab cd (1) becomes
and the Lagrangian is then
For Gauss-Bonnet gravity (m = 2), we have
and
Keeping these basic results and notations in mind we will now straightforwardly jump into the details of the calculation, where the symmetry properties of the tensor P abcd will be extensively used. When the Lanczos-Lovelock action in Eq. (2) is varied, the boundary term in the variation on a non-null boundary, denoted by ∂V, is given by
where the integration is over the boundary, n c is the unit normal to the boundary and h is the determinant of the induced metric h αβ on the boundary. The conventions used here can be found in Appendix B of the arxiv version of [9] . B[n c ] can also be written as
Introducing the induced metric h
we project out various components of P abcd in Eq. (14) as follows:
Out of all the possible projections of all indices of P bcd a using n e and h m n , the non-zero ones are the ones with zero, one or two indices contracted with the normal. Contraction of all indices with h m n does not contribute in the above expression due to the symmetry in b and d. The contractions that do occur in the above expression are captured by the following surface tensors (i.e. their contraction with n a on any index is zero):
Note that, due to the symmetries of P ancp , these are the only contractions possible with one and two contractions along the normal. We shall also define the corresponding quantities for P ab cd (m) as
so that
The tensor A dm is symmetric:
while the tensor B med is obviously antisymmetric in the first two indices. The boundary term in Eq. (16) thus becomes
The first term B 1 [n c ] can be rewritten in terms of the covariant derivative of variations of the metric as
In the second line above, we have used the fact that the contraction of B qbd with n a on any index is zero to convert δg dq to δh dq . The last two terms can be simplified using the following results. We have
where we have used the relation
with the acceleration a b = n a ∇ a n b . The next result is
using Eq. (5). Thus, we obtain
From the first term, we can separate out the surface covariant derivative.
where we have used Eq. (27) . Thus, B 1 [n c ] becomes
In the last line above, we have used the result
We shall now turn our attention to the second term, B 2 [n c ], in Eq. (24):
where we have introduced δu m = δn m + g mq δn q , which is a surface vector, i.e. δu m n m = 0. Using Eq. (27) , we obtain
where we have used
We can separate out a surface covariant derivative from the last term as follows: 
Therefore, the last term in Eq. (35) will become
where we have used the fact that δn m ∝ n m . Thus, we arrive at the following expression for B 2 [n c ]:
Adding Eq. (31) and Eq. (38), the boundary term for Lanczos-Lovelock gravity, sans the |h| factor, can be written in the form
where we have used Eq. (27) on the last term. The first and last terms are of desired form. Once we add the |h| factor, the first will give a total derivative on the boundary surface. 
We shall now reproduce the known result in the Einstein-Hilbert case (m = 1 in the above sum) before deriving the complete boundary variation for the Gauss-Bonnet case (m = 2). The boundary term for general Lanczos-Lovelock is derived in Section 3.4.
Einstein-Hilbert Case
In this section, we shall evaluate the boundary variation derived in Eq. (39) for the Einstein-Hilbert case and compare it with the results previously known (re derived in [27] , Appendix B in the arxiv version of [9] ). For Einstein-Hilbert, using Eq. (9) in Eq. (19) and Eq. (20), we obtain
and B ef g
Thus, Eq. (39) becomes
Adding a |h| and manipulating, we will arrive at the full boundary variation for the Einstein-Hilbert action as integral over the boundary of
This matches with expressions previously obtained in the literature (see [27] as well as Appendix B in the arxiv version of [9] ). The last term of Eq. (44) can be rewritten as |h| K dq − Kh dq δh dq , allowing us to identify K dq − Kh dq as the Brown-York stress tensor [30, 31] . The Brown-York quasi-local energy derived from the stress tensor has essentially the same form as the boundary term, with the difference that the integral is that of the extrinsic curvature of a surface of co-dimension 2, over that surface. (The corresponding quantity embedded in flat spacetime is subtracted out for finiteness, when required.) Recently, this fact was used to extend the Brown-York formulation to Lanczos-Lovelock theories of gravity in [32] using the boundary terms available in the literature. Thus, obtaining the structure of the boundary variation in Lanczos-Lovelock gravity will also allow us to explore the Brown-York formulation in Lanczos-Lovelock theories of gravity.
Gauss-Bonnet Gravity
For Gauss-Bonnet gravity, using Eq. (11) in Eq. (19), we get
We shall now use the following results from Chapter 12 in [8] (where the ǫ = −1 case has been derived):
Substituting, we obtain
Therefore,
R dp δh dp + 8ǫ
Substituting this in Eq. (39), we obtain
The second line has the term that will give the term to be canceled by the boundary term (once multiplied by |h|). The first term will give a total derivative on the boundary surface once multiplied by √ h, while the other terms contain only variations of the boundary metric and will be killed once the induced metric on the boundary is fixed. The δR ab term may be further manipulated to write it as terms containing variations of only the induced metric and those containing the variations of the surface derivatives of the metric.
First, we will work with S ab δR ab , such that S ab is symmetric and n a S ab = 0, to derive a general expression that we will later specialize to our case. Further, we shall introduce the convenient notation γ
for the Christoffel symbols of the boundary metric. We use the boundary adapted normal coordinate system (BNC) (see Appendix A) and write
where the Greek alphabets indicate indices running over D − 1 values that correspond to coordinates on the boundary surface. The advantage of doing the calculations in this coordinate system is that all the relations of Riemannian geometry, like the relation for δ [R αβ ] above, can be directly used if we take the viewpoint of a bug which is on the boundary and is not aware of the normal dimension. We shall do our calculations in BNC and then upgrade the results to bulk relations using the procedure in Appendix B.
Variation of the three-dimensional connection is
This can be upgraded to have the bulk relation
where we have defined the object δγ a bc . This is not the variation of the object γ 
Substituting in Eq. (50), we have the following relation valid in BNC:
The corresponding tensorial result in terms of bulk quantities can be written down making use of the prescription in Appendix B and δγ a bc defined in Eq. (53):
Substituting these expressions in Eq. (50) and then substituting the resulting expression in Eq. (49), we finally obtain the desired form for B[n c ] in Gauss-Bonnet:
where
Adding the |h| factor, we have the boundary term to be added to the action as the integral over the boundary of
and the full boundary variation as
The boundary term in Eq. (60) matches the one given by Yale [33] (for a timelike boundary with ǫ = +1) citing Bunch [25] . In the original source [25] , the boundary term was written in terms of the curvature in the full D dimensions. In Appendix D, we have shown that this expression, when written in terms of the (D − 1)-dimensional boundary curvature tensor, reduces to our expression above. The conjugate momentum, the coefficient of δh dq above, was previously derived by Davis [28] and also by Gravanis and Willison [29] (also see [21] where it is explicitly written down). In Appendix G, we have shown that our conjugate momentum matches with these expressions. The total derivative term, to our knowledge, has not been explicitly provided in the literature before.
Manipulating the Boundary Term for general Lanczos-Lovelock: Part 2
In this section, we shall continue the derivation of the boundary variation for general Lanczos-Lovelock gravity from where we left off in Section 3.1. We had simplified the boundary variation for general Lanczos-Lovelock gravity, leaving out the |h| factor, to the form given in Eq. (39). This form is reproduced below:
The term to be beat into shape in the above expression is −2ǫA 
Here, the determinant tensor has indices w and v contracted with the normal. This means that only the surface components of the Riemann tensor factors R aibi cidi do not contribute. For example, consider decomposing the index a 1 in R a1b1 c1d1 into its surface and normal components. We have
The factor n a1 together with n v will get killed because of the antisymmetry of the determinant tensor. So only the surface component, h a1 e R eb1 c1d1 survives. Since this is true for all indices of all the Riemann factors, we can write
Looking at the definition of the determinant tensor from Eq. (3), we can see that the the above term will have various contractions of the form n a h a b which will all reduce to zero. In fact, the only terms which will survive are the ones which have contraction of n w with n v . Writing δ 
We can decompose h
When this expression is substituted in Eq. (66), the structure of the determinant tensor would mean that the n x in the second term would either get contracted with one of the factors of h or with K u f . Hence, this term will get killed and one obtains
Using the Gauss-Codazzi relation, the above expression becomes
In the second-last line above, it is to be understood that the indices are to be taken only from the pool
c0d0 which is to be taken to mean that there are no R factors in this term. This is clear from the way the expression is written in the last line above. To see how the final expression is arrived at, first note that on multiplying the factors of the form R 
since the indices (u, v) can be exchanged with the indices on any of the K ai ci factors with the generation of two minus signs which cancel to give no net sign change. Taking δ commonly outside, we get the total variation term and term with variation of the boundary Ricci tensor:
Note that the second sum in the above expression only runs from s = 1 since the s = 0 term does not have any R asbs csds factor. In the last step above, we have used the fact that terms generated by δ acting on any of the R aibi cidi are all equivalent due to the properties of the determinant tensor. The δ R asbs csds term does not contain any normal derivatives of the variations of the metric (as will be clear when we expand and simplify this expression shortly). Hence, the total variation in the expression above, once the |h| factor is taken inside, is the term to be canceled by adding an additional boundary term.
Before manipulating the δ R 
To separate out variations of h ab and surface derivative terms from δ R 
Writing δg bses = δh bses + ǫn bs δn es + ǫn es δn bs , we can see that the components along the normals will get killed in Eq. (74) because the determinant tensor will contract the normals either with K 
where the object δγ 
We would like to take D cs commonly outside to get a total derivative. But, S escsds as (m,s) is not a purely boundary tensor since contraction of any index with the normal vector will not give zero (see the GaussBonnet case evaluated in Eq. (133)). But only the purely boundary part of this tensor will contribute since 
we can write 
where we have made use of the antisymmetry of indices f s and e s in S fsescsds (m,s)
. Substituting back in Eq. (83), we obtain 
The full boundary variation term can be obtained by adding the |h| factor and writing Eq. (73) ). The first line above has the total derivative on the surface, the second line is the total variation term to be canceled by adding a boundary term and the last two lines give the contribution to be killed by fixing the boundary metric.
Having derived the full structure of the boundary term for Lanczos-Lovelock gravity, we will briefly comment on the Brown-York formulation of quasi-local energy in this context. The equivalent of −2K √ h for Lanczos-Lovelock gravity is given in the second line of Eq. (89) and allows us to define the corresponding quasi-local energy for Lanczos-Lovelock gravity, in terms of an integral of this expression over a co-dimension two surface. This would match with the result obtained in [32] since they have used the expressions for boundary terms existing in the literature [20, 34] , and we will show below that the boundary term that we have derived matches with these expressions. The coefficient of δh cd (the lower components) will represent the corresponding Brown-York stress tensor for Lanczos-Lovelock gravity, as already mentioned in [34] . These definitions are worthy of further exploration from different perspectives, e.g., as regards the conservation of the Brown-York stress-energy tensor on-shell, physical significance of associated conserved quantities, etc. This will require a detailed study of the 1 + (D − 1) decomposition of Lanczos-Lovelock gravity, which we hope to report on in a future work.
Consistency Checks on Our Expressions

Boundary Term
The boundary term to be added to the action for general Lanczos-Lovelock theory can be read off from Eq. (89) as
with BT m defined in Eq. (72) and reproduced below:
As the first consistency check, we have verified that BT m reduces to the correct expressions for EinsteinHilbert and Gauss-Bonnet for m = 1 and m = 2 respectively (see Eq. (44) and Eq. (59)). Another consistency check would be to compare with previous expressions in literature. The expression for the boundary term for general Lanczos-Lovelock has been previously given in the literature [20, 34] as
with
In Appendix E, we have shown that the expression for C m reduces to the expression for BT m given in Eq. (91). Thus, our results agree with previous results in literature derived in a different manner, affirming the consistency of our methods.
Surface Derivative Term and Term with Variation of Boundary Metric
We are not aware of any previous occurrences of these terms in the literature for general Lovelock gravity. So, as consistency checks, we shall evaluate these terms for m = 1 and m = 2 and compare them with the Einstein-Hilbert and Gauss-Bonnet expressions derived earlier.
(We would like to note that all the Einstein-Hilbert and Gauss-Bonnet expressions except for the total derivative term in the Gauss-Bonnet case have been provided in the literature and match with the expressions derived here, see Appendix G.) We have performed the relevant calculations in Appendix F and confirmed that the general expressions do reduce to the corresponding Einstein-Hilbert and Gauss-Bonnet expressions.
Results
In this paper, we have separated out the boundary variation for a general Lanczos-Lovelock theory into a surface total derivative term, the term to be canceled by the addition of a boundary term to the action and the Dirichlet variation term which is to be put to zero by fixing the intrinsic metric at the boundary. 
We have verified that this result matches with previous results in the literature [33, 34] . We have also separately derived the Gauss-Bonnet case to obtain the boundary variation as integral over the boundary of
and the boundary term to be added to the action is the integral over the boundary of
This result matches previous results given in [25, 33] , while the conjugate momentum, the coefficient of δh dq above, matches the result obtained in [28, 29] (explicit expression provided in [21] ). As far as we know, the total derivative term has not been explicitly presented in the previous literature.
Finally, we have also verified that our general Lanczos-Lovelock expressions reduce to the corresponding Einstein-Hilbert and Gauss-Bonnet expressions for m = 1 and m = 2.
Appendices
A Adapted Coordinate Systems
While dealing with the boundary and quantities defined on the boundary, it is useful to work in a coordinate system where the boundary is given by the constant value of one of the coordinates. In D dimensions, let us define the coordinates φ, x 1 , · · · , x D−1 such that the boundary is given by φ =constant. We shall use Greek letters for indices running over the boundary coordinates. Let us call these boundary adapted coordinates (BAC), which will turn out to be good for our calculations. This coordinate system is good because we have the normal one-form as
where A is the normalization factor. Hence, any tensor T a···b c···d with an upper index a orthogonal to n a , T a···b c···d n a = 0, will have T φ···b c···d = 0. In other words, that index will only run over the boundary coordinates. For example, a vector V a that lies on the boundary surface, i.e. satisfies V a n a = 0, will be represented by V a = (0, V α ). We can go one-up on this useful coordinate system by defining a coordinate system which we shall call boundary adapted normal coordinates (BNC), which are Gaussian normal coordinates [8, 35] erected near the boundary surface so that the metric appears as
where ǫ is −1 or +1 depending on whether the boundary is spacelike or timelike, respectively. In the case of these coordinates, we have the further property that the normal vector
where the normalization factor A is now set to one since g φφ = ǫ. (One may also set it to ǫ or −ǫ depending on which way one wants the normal to point.) In this coordinate system, any index of a tensor T a···b c···d orthogonal to the normal will run only over the boundary coordinates and hence may be replaced by Greek indices in any summation. For example, consider the object h ab dx a dx b with the induced metric h ab = g ab − ǫn a n b . This is a scalar and hence is the same in any coordinate system. In BNC, we have h ab dx a dx b = h αβ dx α dx β , from which it is easy to see that this object is the line element on the boundary surface. Thus, h ab dx a dx b is the line element on the boundary surface (in any coordinate system).
B Upgrading Boundary Relations to Bulk Relations
One can use the boundary adapted normal coordinates (BNC) defined above to convert relations of Riemannian geometry valid on the boundary to relations on the bulk. In BNC, consider some tensorial relation, into the bulk, i.e. we shall construct them to be of the same functional form but with h αβ replaced by h ab = g ab − ǫn a n b (likewise for h αβ ), δh αβ replaced by δh ab , all the derivatives ∂ α upgraded to projected bulk derivatives h 
One has to be careful with δh αβ since δh ab is not orthogonal to the normal even though δh ab is. This is because n a δh ab = −h ab δn a = 0 as δn a ∝ n a , while δn a is not in general proportional to n a . Thus, the right quantity to replace δh ab is not δh ab but h c a h d b δh cd , which is seen to be orthogonal to the normal in both indices and reduces to δh αβ in BNC. While upgrading D α to D a , one should make sure that the quantity it acts upon is orthogonal to the boundary in all its indices since D a is only defined as a surface covariant derivative on such objects [8] . But this will happen automatically for the type of tensors we have considered if the procedure outlined above is followed. For example, D c δh ab is not the right bulk quantity corresponding to D γ δh αβ , but D c h It is not right now clear to us that the quantities so obtained will be tensors if they contain partial derivatives instead of covariant derivatives. Let us assume that we can look at the resulting expressions and convince ourselves that they are tensors. Then, we shall denote these tensors by the symbols is a valid bulk relation. In fact, it is. Since this is a tensorial relation, its validity in any one frame ensures its validity in general. In BNC, one can see that h ab has only the components h αβ (similarly for h ab ), h 102) is valid in BNC and, being a tensorial relation, is also valid in general.
As an illustration, we have the following relation valid from the view of a bug living on the boundary:
By using our procedure, the above equation can be written in terms of bulk quantities as
where R ab and δγ m ab (see Eq. (53)) are obtained by taking their formulas in terms of h αβ and its derivatives and then upgrading using the prescription described above.
We can also go one step further and consider cases where the tensors (D) T ab··· cd··· and (D) S ab··· cd··· contain some other quantities, extrinsic curvature K ab for example, that are orthogonal to the normal in all its indices. Even in that case, we can use the above route if we can prove that the relations with the boundary components of these other quantities (K αβ for extrinsic curvature) are valid in BNC.
C δγ a bc Under Coordinate Transformations
Consider the quantity:
This may be taken as the extension of the boundary connection to the bulk. In any boundary adapted coordinate system (BAC) (see Appendix A), the boundary components are seen to be
which are in fact the components of the boundary connection. But the variations of γ a bc under variations of the metric can be seen to be not a tensor, unlike the case of δΓ a bc . The variation of the bulk connection Γ a bc is a tensor. This is because Γ a bc transforms as
under transformation of coordinates from x a to x ′a with Λ
The second term is independent of the metric. Hence, the variation of Γ a bc transforms as a tensor under coordinate transformations: δΓ
But the transformation for γ a bc is as follows:
The basic difference is that the h In this appendix, we shall show that the Gauss-Bonnet boundary term provided in Eq. (60) matches with the result previously derived by Bunch [25] . Bunch provides the boundary term to be added to the Gauss-Bonnet Lagrangian L 2 (with the factors as given in Eq. (12)) as
(110) Here, we have replaced the Greek indices used by Bunch by Latin indices as per our convention. First, note that the definition of extrinsic curvature used by Bunch differs by a minus sign from the convention that we have used. We have used
following the convention used in [8, 35] . On the other hand, Bunch uses the convention
While this is not explicitly stated in Bunch's paper, it can be easily inferred. For example, the last equation on page L140 in [25] reads
The LHS can be manipulated as
which makes it clear that Bunch has used the definition Eq. (112). Making the flip in sign in all the extrinsic curvature factors in Eq. (110), we obtain Bunch's result in our convention:
We shall now work with the curvature terms to write them in terms of the boundary intrinsic curvatures. The first two terms in the bracket above are
We have the result (see Chapter 12 in [8] )
Substituting,
Next we shall expand out the third term in Eq. (115).
From Chapter 12 in [8] , we have the following formula (after adding the correct ǫ factors):
Thus,
Substituting Eq. (118) and Eq. (121) in Eq. (115), we obtain
This matches with our result in Eq. (60).
E Comparing Lanczos-Lovelock Boundary Term with Previous Literature
In this appendix, we shall show that the boundary term we have derived in Eq. (62) is consistent with the boundary term previously provided in the literature in [33, 34] . While the expressions in both these references are essentially the same, we shall find it easier to compare with [33] since his expressions for the action matches ours with the correct factors and all (see our Einstein-Hilbert and Gauss-Bonnet terms in Eq. (10) and Eq. (12)), while the reference [34] has an extra −(D − 2p)! sticking around in the p−th order Lovelock term. The boundary term for general Lanczos-Lovelock is given in [33] as the integral over the boundary of |h| times 
It is up to us now to show that these expressions are equal. Before we start off on this momentous journey, we first note that, just as the case in our comparison with Bunch's Gauss-Bonnet expression in Appendix D, our definition for the extrinsic curvature [8] differs from that used in [33, 34] by a minus sign. This is immediately clear if we look at the case of Einstein-Hilbert. In our convention, a positive √ −gR requires a −2 |h|K integrated at the boundary to keep it well-defined; while in the case of the other pretenders, a positive √ −gR has as consort a Gibbons-Hawking-York term defined as boundary integral of 2 |h|K. We shall see that once this relative minus sign is taken into consideration our results are in perfect agreement with [33, 34] .
So, we take care of this relative minus sign business by flipping the overall sign in Q m (note that the term is odd in K ab ).
(125) We will now manipulate this expression to bring it to the form of Eq. (124). First, we forcefully evict all those terms which have no business of staying within the integral sign:
Thus, having put these terms in their place, we next expand out the product of the (m − 1) factors inside the integral sign.
Comparing with Eq. (124), it is seen that this is exactly what we have called BT m . Thus, we have confirmed that our results match with the results previously given in [33, 34] .
F Other Terms: Einstein-Hilbert and Gauss-Bonnet Cases from Lanczos-Lovelock Expressions
In this appendix, we shall evaluate the terms in Eq. (89) for m = 1 and m = 2 and verify that they reduce to the corresponding Einstein-Hilbert and Gauss-Bonnet expressions. Leaving out the common |h| factor, the terms to be evaluated are the surface derivative term given by
and the Dirichlet variation term 
These expressions match with the corresponding expressions from Section 3.2. 
Therefore, S c1d1 a1b1 (2,1) is 
. Denoting this by Term 2,
where we have used since n a δh ab = 0 (because we have δn a ∝ n a ). On the other hand, we have the following term from Eq. (59):
We have δh cd = δg cd −ǫn c δn d −ǫn d δn c , of which the terms with the normal are killed by the cofactor which is orthogonal to the boundary, leaving us with δg cd = −g ce g df δg ef = −g ce g df δh ef + ǫn e δn f + ǫn f δn e , of which again the normal components are killed. Thus, substituting S ab = 8(K ab − (1/2)Kh ab ), we obtain
Thus, we can write
Let us now consider the other term in Eq. (135) which reads
dp δγ c dp − 4K dp y q δh xy + 4K dp δγ c dp − 4K dp
From Eq. (139) and Eq. (145), we obtain
The LHS is the term we obtained by putting m = 2 in our Lanczos-Lovelock expression while the first line in the RHS gives the corresponding terms in the Gauss-Bonnet expression previously derived. Thus, the terms present in the last line have to vanish. These terms can be simplified as follows:
In the second step above, we have used the relation
which can be proved by going to BNC as indicated in Appendix B. Adding the D c ,
where we have used 
Hence, the total derivative term for general Lanczos-Lovelock gravity reduces to the previously derived Gauss-Bonnet result for m = 2.
F.2.2 The Dirichlet Variation Term
In this section, we shall compare Eq. (129) evaluated for m = 2,
with the corresponding expression in Eq. (61), which is
The first two terms above and the last term are present in the same form in Eq. (152). We need to check that 
On the other hand, we can substitute in Eq. (153) S ab = 8(K ab − (1/2)Kh ab ) and obtain
so that 
Adding the two terms from Eq. (157) 
Hence, the Dirichlet variation term in our general Lanczos-Lovelock also reduces to the Gauss-Bonnet expression for m = 2.
G The Conjugate Momentum for the Gauss-Bonnet Case
In this section, we shall compare the expression for conjugate momentum derived for Gauss-Bonnet gravity with expressions existing in the literature (derived in [28, 29] , also see [21] where the expression is explicitly written down). From Eq. (61), the conjugate momentum for Gauss-Bonnet gravity reads
where we have indicated that this object should be symmetrized in indices d and q since it is contracted with δh dq . For Gauss-Bonnet gravity, using Eq. (18) and Eq. (11),
ancp (2) h qa h bn n c h dp = 4R
ancp h qa h bn n c h dp + 4G nc h bn n c h qd − 4G ac h qa n c h bd
Next, we shall simplify the second line of Eq. (161) using S ab = 8(K ab − (1/2)Kh ab ):
In order to compare with the results derived in [28] , we shall put ǫ = 1 since the analysis there is done for a timelike boundary. Also, note that our definition of P abcd (2) in Eq. (11) is twice the expression defined as P abcd in [28] . Then, we have
which matches with the expression obtained in [28] (written out explicitly in [21] ) except for a minus sign. This minus sign difference is again, as was the case with previous sections, due to difference in the convention for K ab . Davis in [28] defines K ab = h c a ∇ c n b , which differs from our definition (following [8, 35] ) by a minus sign. Taking this minus sign into account, our conjugate momentum matches the expressions provided in [21, 28] .
The conjugate momentum expression is also provided in [29] , where it is written in the form
with (the second term below needs to be symmetrized for symmetric Π dq )
This expression is also easily seen to match our result.
